Summary. In the article we formalize some properties needed to prove that sequences of prime reciprocals are divergent. The aim is to show that the series exhibits log-log growth. We introduce some auxiliary notions as harmonic numbers, telescoping series, and prove some standard properties of logarithms and exponents absent in the Mizar Mathematical Library. At the end we proceed with square-free and square-containing parts of a natural number and reciprocals of corresponding products.
Introduction
The aim of this article is to provide preliminaries needed to prove that sequences of reciprocals of prime numbers are divergent. One of the proofs (which we follow) relies on the unique decomposition of natural numbers into the square and its square-free part (similarly to Euler's 1737 original proof [4] ). Essentially, it is the proof that the series exhibits log-log growth.
We start with preliminary lemmas, mainly on integrals. Section 2 introduces the notion of n-th harmonic number,
as well as its basic properties. We proved main steps of the proof that prime harmonic series diverges:
• the lower estimate 1 + x < exp(x) for the exponential function (13), which holds for all x > 0, • n+1 n 1 x dx < 1 n (21), • ln(n + 1) < H n (22), • the formula for telescoping sum (24).
Although the solution of the Basel problem states [11] that
we proved rough upper bound, using a telescoping sum, namely, for n 2,
Evidently however, as in the Mizar Mathematical Library there are at least four strategies for counting the (finite) sum (and the product, similarly): to treat counted objects as
• elements of certain finite subsets;
• values of finite sequences (which is probably most frequent in MML [1] , but needs recounting after concantenation or deletion of elements); • values of the type Real_Sequence which are functions from N into R (this could be generalized into partial functions and is obviously more general than the previous one); • bags -objects quite well developed during formalization of polynomials, in terms of bags the fundamental theorem of arithmetic is expressed in Mizar;
there is a need to propose unified approach which will be suggested to use, even if the differences between all of them are purely technical. This probably needs some revisions [6] resulting in removing existing duplications [5] of the Mizar repository. Section 6 discusses some of the details, and also introduces a Mizar functor generating bag from a given finite subset of primes. Additionally, we define two sequences of reciprocals needed for proper summing (and multiplying) later on. The formula we still definitely need to show is
The product in the formula above corresponds to the square-free part of i and the sum corresponds to the square part of i.
In order to simplify the operations on P n (introduced in Section 4 as the set of all primes less or equal n for arbitrary n ∈ N), we conclude our article with selected properties of reciprocals of products of sets of prime numbers.
Preliminaries
From now on n, i, k, m denote natural numbers and p denotes a prime number.
One can check that there exists a natural number which is non zero, square, and non trivial.
Let Z be a subset of R, f be a partial function from Z to R, and A be a subset of R. Let us note that f A is A-defined as a partial function from Z to R.
Let us consider a subset Z of R. Now we state the propositions: 
The theorem is a consequence of (2) and (3). 
Harmonic Numbers
Let n be a natural number. The functor H n yielding a real number is defined by the term (Def. 1) ( κ α=0 (inv N )(α)) κ∈N (n). Now we state the propositions:
The theorem is a consequence of (9) and (8).
The theorem is a consequence of (9) and (10).
On Exponents and Logarithms
Now we state the proposition: (12) (The function ln)(1) = 0.
Let us consider a real number x. Now we state the propositions: (13) If x > 0, then (the function exp)(x) > x + 1. The theorem is a consequence of (6) and (7). (14 
The theorem is a consequence of (2), (3), and (15).
(22) Let us consider a non zero natural number n. Then (the function ln)(n + 1) < H n .
. For every non zero natural num- (11), (10) 
Let n be a non trivial natural number. Let us note that n 2 is non trivial. (24) Telescoping series:
Let us consider sequences a, b, s of real numbers. Suppose for every natural number n, s(n) = a(n)+b(n) and for every natural number k, b(k) = −a(k + 1). Let us consider a natural number n. Then (
(25) Let us consider sequences f 1 , f 2 of real numbers, and a non trivial natural number n. Suppose for every non trivial natural number k such that k n holds (1) . For every non trivial natural number n such that X [n] holds X [n + 1]. For every non trivial natural number n, X [n].
Some Special Sequences
The functor Reci-seq1 yielding a sequence of real numbers is defined by (Def. 2) for every natural number n, it(n) = . The theorem is a consequence of (24).
Let us consider a non trivial natural number n.
Reci-seq1(κ). Proof: For every non trivial natural number k such that k n holds (Basel-seq)(k) < (Reci-seq1)(k) by [9, (29) ].
(32) n κ=0 Basel-seq(κ) < Let n be a natural number. The functor P n yielding a subset of N is defined by the term (Def. 4) P ∩ Seg n.
One can verify that P n is finite. Now we state the propositions:
(35) Let us consider natural numbers m, n. If m n, then P m ⊆ P n .
(36) If n + 1 is not a prime number, then P n+1 = P n .
(37) (i) P 0 = ∅, and
The theorem is a consequence of (36).
(38) If n + 1 is a prime number, then P n+1 = P n ∪{n + 1}.
(39) Let us consider a prime number p. If p > 2, then p + 1 is not a prime number.
(40) P 2 = {2}.
Let n be a natural number. The functor indexp(n) yielding a natural number is defined by the term (Def. 5) P n . Now we state the proposition:
(42) Let us consider a natural number n. Then indexp(n) n.
Square-free and Square-containing Parts of a Natural Number
Let us consider a non zero natural number n. Now we state the propositions: 
Let n be a non zero natural number. Note that n div (SqF n) 2 is square-free as a natural number. The functor SquarefreePart(n) yielding a non zero natural number is defined by the term (Def. 6) n div TSqF n.
Let us observe that SquarefreePart(n) is square-free. Let us consider a non zero natural number n. Now we state the propositions:
The theorem is a consequence of (44) and ( 
Generating Bags from Subsets of Prime Numbers
Let A be a finite subset of P. The functor A -bag yielding a bag of P is defined by the term (Def. 7) EmptyBag P+·id A .
Let us consider a finite subset A of P. Now we state the propositions:
(53) support A -bag = A.
The theorem is a consequence of (53).
(55) Let us consider a finite subset A of P, and an object i.
(56) Let us consider finite subsets A, B of P.
Let A be a finite subset of P. Let us observe that A -bag is prime-factorizationlike and A -bag is square-free as a natural number.
Let us consider a non zero natural number n and an object x. Now we state the propositions:
(57) If x ∈ 2 Pn , then x is a finite subset of P.
(58) If x ∈ 2 Pn × Seg n, then (x) 1 is a finite subset of P. Let us consider a natural number n.
(61) (The partial product of Reci-seq2)(n) > 0.
(62) (The function ln)((the partial product of Reci-seq2)(n)) (
(63) (The function ln)((the partial product of Reci-seq2)(indexp(n))) (
The theorem is a consequence of (62) From now on s, s 1 , s 2 denote sequences of real numbers. Let us consider a natural number n.
Let n be a non zero natural number. The functor Compose(n) yielding a function from 2 Pn × Seg n into N is defined by (Def. 10) for every element x of 2 Pn × Seg n and for every finite subset A of P and for every natural number k such that x = A, k holds it(x) = (A, 1) -bag ·k 2 . Now we state the proposition:
(69) ( κ α=0 (Basel-seq)(α)) κ∈N (n) 0. Proof: For every natural number n, (Basel-seq)(n) 0 by [7, (31) ].
On Reciprocals of Products of Prime Numbers
Let n be a natural number. The functor ReciProducts(n) yielding a subset of R is defined by the term (Def. 11) the set of all 1 Sgm X where X is a subset of P n .
Let us note that ReciProducts(n) is finite. Now we state the propositions: where X is a subset of P 0 = {1}. where X is a subset of P 1 = {1}.
